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Nonhomogeneous finite element model simulations illustrate the distortion in the spatial distribution of the 
isopotential lines within the domain Ω1 due to the vicinity of the domain Ω2 with different conductivity and 
permittivity properties.  

 
Take-Home Messages  
 

• Low-frequency electromagnetics principles have been applied to develop a novel framework to interpret 
electrical impedance myography measurements in nonhomogeneous muscle  
 

• Our theoretical framework will lead to new ways for interpreting EIM data with direct clinical application for 
neuromuscular evaluation  

 
• Electrical impedance myography evaluation of patients with neuromuscular disorders 

 
• Our framework provides the means to advance our understanding of needle EIM outcomes in nonhomogeneous 

diseased muscle 
 

• Finite element method simulations confirm the usefulness of our electrostatic framework for predicting EIM in 
diseased muscle
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Modeling and simulation of needle electrical
impedance myography in nonhomogeneous

isotropic skeletal muscle
Xuesong Luo, Shaoping Wang and Benjamin Sanchez, Senior Member, IEEE

Abstract—Objective: Needle electrical impedance myography (EIM) is a recently developed technique for neuromuscular evaluation.
Despite its preliminary successful clinical application, further understanding is needed to aid interpreting EIM outcomes in
nonhomogeneous skeletal muscle measurements. Methods: The framework presented models needle EIM measurements in a bidomain
isotropic model. Finite element method (FEM) simulations verify the validity of our model predictions studying two cases: a spherical
volume surrounded by tissue and a two-layered tissue. Results: Our models show that EIM is influenced by the vicinity of tissue with
different electrical properties. The apparent resistance, reactance and phase relative errors between our theoretical predictions and
FEM simulations in the spherical volume case study are ≤0.2%, ≤1.2% and ≤1.0%, respectively. For the two-layered tissue model
case study, the relative errors are ≤2%. Conclusions: We propose a bio-physics driven analytical framework describing needle EIM
measurements in a nonhomogeneous bidomain tissue model. Clinical impact: Our theoretical predictions may lead to new ways for
interpreting needle EIM data in neuromuscular diseases that cause compositional changes in muscle content, e.g. connective tissue
deposition within the muscle. These changes will manifest themselves by changing the electric properties of the conductor media
and will impact impedance values.

Keywords—Needle electrical impedance myography (EIM), nonhomogeneous tissue, skeletal muscle, neuromuscular disorders.

I. INTRODUCTION

NEEDLE electrical impedance myography (EIM) is a
relatively new technique to evaluate skeletal muscle

health [1]. Unlike EIM approaches using surface electrodes
[2], the working principle of needle EIM consists of inserting
a needle into the muscle for electrical impedance recording
[3]. Alterations in the muscle composition and structure caused
by a broad range of neuromuscular conditions change how the
current flows through the muscle and thus alter the measured
voltages and the resultant EIM values [4]–[6]. Needle EIM
approaches rely upon low-frequency electrostatic principles.
Namely, the electrical current that is applied to the muscle
is altered as a function of the frequency due to the inherent
electrical properties of the muscle (namely the conductivity
and the relative permittivity properties) and their changes
associated with disease [7].

First needle EIM studies have shown the potential value
of the technique to assess impedance changes in healthy
and dystrophic muscle in rodent animal models [8]. More
recently, we evaluated the reproducibility and safety of needle
EIM measuring patients with a broad range of neuromuscular
disorders [9]. Needle theoretical models and FEM simulations
revealed good agreement with maximum experimental errors
<10%. Patient inter-session reproducibility also was promising
with intraclass correlation coefficients of 0.926, which is com-
parable or exceeds the reproducibility of other well-established
electrophysiological tests to assess muscle health [10], [11].
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Importantly, the pathogenesis of neuromuscular disorders
such as amyotrophic lateral sclerosis [12], Duchenne muscular
dystrophy [13] and facioscapulohumeral muscular dystrophy
[14] are known to induce major changes in muscle structure
and composition including the deposition of connective tissue,
fat infiltration and pockets of inflammatory cells within the
tissue. Therefore, the presence of these tissues with known
different electrical properties [15] in the vicinity where the
EIM needle is inserted will likely impact needle EIM data.
To further refine needle EIM and be able to provide clinically
meaningful outcomes is thus necessary to advance our current
understanding on how sensitive needle EIM is to changes in
electrical properties in nonhomogeneous diseased muscle.

This article aims to expand to our theoretical understanding
of needle EIM recordings in nonhomogeneous diseased muscle
tissue. To do that, we first define the physics’ setting for
needle EIM measurement in Sections II and III. Using the
generalized Poisson equation describing the distribution of
electrical potential within muscle. Unlike previous studies
that modeled electrical potential caused by transmembrane
current, e.g, due to fiber membrane depolarization [16]–[18],
here the potential is generated by the external application of
electrical current required to measure EIM. Next, we derive
a physical plausible model to describe the tissue impedance
based on the muscle electrical properties and domain. We
studied two specific cases modeling needle EIM: spherical
model representing fat deposition within the muscle and a two-
layered model to study the effect of subcutaneous fat affecting
the measurement for example. These mathematical models
were validated with electrostatic simulations by comparing the
apparent impedance values. Section IV describes the methods
and simulation results in Section V confirm the usefulness
of the novel approach presented. Finally, the main findings
are discussed in Section VI and summarized in the form of
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Fig. 1. Schematic illustrating a nonhomogeneous tissue modeled as a bido-
main in Λ− (A) and mirrored image in R3 (B). The domain Ω2 enclosed by
the boundary ∂Ω2 and isotropic admittivity γ2 is contained in the domain Ω1
with isotropic admittivity γ1. The boundary of Ω1 is the plane ∂Ω1 := (x,y,0)
in (A). The point current source S located at rS := (xS,yS,0) on ∂Ω1 generates
electrical current and E located at rE := (xE,yE,0) is an arbitrary point on
∂Ω1 where we want to determine the electrical potential. The point Q with
coordinates rQ := (xQ,yQ,zQ) is on ∂Ω2 and n is the outward normal vector
at Q. RSE is the distance between S and E; RSQ is the distance between S and
Q; REQ is the distance between E and Q. The half space model Λ− in (A) is
mirrored with respect to ∂Ω1 and forms the mirrored full space R3 (B). All
mirrored elements in (B) are overlined to distinguish from their nonmirrored
counterparts in (A).

conclusions in Section VII.

II. BIDOMAIN TISSUE MODEL IN HALF SPACE

We consider a nonhomogeneous tissue modeled as a bido-
main space (Figure 1A) [19]. The model in half space Λ− in
R3
− contains domains Ω1 and Ω2, so that Λ− := Ω1∪Ω2 and

Ω1 ∩Ω2 = ∂Ω2. The boundaries of Ω1, Ω2 are ∂Ω1 (plane
z = 0) and ∂Ω2 (arbitrary surface), respectively. We define
r := (x,y,z) a position in Λ−. In this model, we consider
a surface current source S located at rS := (xS,yS,0) that
generates a sinusoidal electrical current of amplitude I ∈R (A)
at (angular) frequency ωk ∈ R (rad s−1) with current sink at
infinity. Henceforth, we assume the current source and voltage
measuring electrodes are point-like electrodes, the domains are
isotropic with constant electrical properties, there are no free
charges, and the model is in the vacuum (i.e., the electrical
current cannot flow out of the model).

A. Governing equation

The admittivity γ ∈ C (S m−1) of the nonhomogeneous
model depends on the position r and measurement frequency
ωk and is expressed explicitly as

γ (r,ωk) := γ1(ωk)H(r−n)+ γ2(ωk)H(r+n), (1)

where H(•) is the Heaviside unit step function, n is the
outward normal vector at Q; then γ1,2(ωk) := σ1,2(ωk) +
jωkε1,2(ωk), where σ1,2 ∈ R>0 is the conductivity (S m−1),
ε1,2 ∈R>0 is the permittivity (F m−1), γ1 is in Ω1 and γ2 is in
Ω2, j =

√
−1 is the imaginary unit (dimensionless). From low

frequency Maxwell equations in quasistationary regime [20],
the electrical potential U(r,ωk) ∈ C (V) is described by the
generalized Poisson equation

∇ · [γ(r,ωk)∇U(r,ωk)] =−Iδ (r− rS), (2)

where δ (r) is the Dirac delta function.
For clarity in the notation, henceforth we omit the position

and frequency dependence of the admittivity and electri-
cal potential. Using the half-maximum convention we have

H(0) = 1/2, then the admittivity on ∂Ω2 is (γ1 + γ2)/2 from
(1). Noting that ∇H(r) = δ (r), we can rewrite (2) as follows

∇
2U =− Iδ (r− rS)

γ
−2Γδ (∂Ω2)

∂U
∂n
·n, (3)

where Γ := (γ1− γ2)/(γ1 + γ2) ∈ C (dimensionless) is known
as the reflection coefficient.

The boundary condition of Λ− is

∂U
∂ z

∣∣∣∣
∂Ω1

= 0.

To satisfy this boundary condition, we use the method of
images charges in (3) [21] (Figure 1B). Then, (3) can be
modified to include the image reflection term, namely

∇
2U =− 2Iδ (r− rS)

γ
−2Γ

·
(

δ (∂Ω2)
∂U
∂n
·n+δ (∂Ω2)

∂U
∂n
·n
)
,

(4)

where all overlined valuables are mirrored elements from
nonoverlined counterparts by plane z = 0.

B. Electrical potential distribution

To solve (4), we use the method of Green’s function to
obtain the integral expression of the electrical potential [22],
i.e., 

U(r) =U0(r)+UΩ2(r)
U0(r) = I

2πγ1|r−rS|

UΩ2(r) = Γ

2π

∫∫
∂Ω2

∂U(rQ)

∂n ·n d(∂Ω2)

|r−rQ|
+ Γ

2π

∫∫
∂Ω2

∂U(rQ)

∂n ·n d(∂Ω2)∣∣∣r−rQ

∣∣∣ ,
(5)

where r 6= rS, Q is arbitrary point with coordinates rQ :=
(xQ,yQ,zQ) on ∂Ω2, the operator | · | is the L2 norm , d(∂Ω2)
and d

(
∂Ω2

)
represent the area of the micro-elements ∂Ω2 and

∂Ω2 at Q and Q, respectively. Next we define the pth-order
approximated (denoted by ˜) electrical potential distribution
Ũ (p) ∈ C (V) following the same rationale as in [23]

Ũ (p)(r) :=U0(r)+Ũ (p)
Ω2

(r)
Ũ (0)(r) :=U0(r),

Ũ (p)
Ω2

(r) := Γ

2π

∫∫
∂Ω2

∂Ũ(p−1)(rQ)

∂n ·n d(∂Ω2)

|r−rQ|
+ Γ

2π

∫∫
∂Ω2

∂Ũ(p−1)(rQ)

∂n ·n d(∂Ω2)∣∣∣r−rQ

∣∣∣
(6)

where p ∈N>0 is the order of the approximation, |Γ|< 1 and
U = limp→∞ Ũ (p).

With the surface voltage recording electrode E at rE :=
(xE,yE,0) (see Figure 1A), the model can be simplified based
on symmetry of image (Figure 1 B). According to (6), the
electrical potential recorded by electrode E is

Ũ (1)(rE) =
I

2πγ1

(
1

RSE
+2KΩ2Γ

)
, (7)

where

KΩ2 :=− 1
2π

∫∫
∂Ω2

∂RSQ(rQ)

∂n
·n d(∂Ω2)

R2
SQ(rQ)REQ(rQ)
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Fig. 2. Schematic illustrating a tetrapolar electrical impedance measurement
in a nonhomogeneous bidomain model in Λ−. The admittivity of the domain
Ω1 and Ω2 and their boundary are γ1, γ2, ∂Ω1 := (x,y,0) and ∂Ω2, respec-
tively. Q is an arbitrary point on ∂Ω2 and n is the outward normal vector at
Q. The current source (+) and sink (−) electrodes are S± and the high (+)
and low (−) voltage measuring electrodes are E± placed on ∂Ω1.

is a geometrical constant (m−1) determined by the shape and
position of Ω2, RSE := |rS− rE| (m); RSQ := |rS− rQ| (m); and
REQ := |rE− rQ| (m).

C. Apparent electrical impedance

We now consider a tetrapolar electrical impedance mea-
surement (Figure 2). The source (+) and sink (−) current
electrodes are S+ and S−, respectively; and the differential
voltage is measured between high (+) and low (−) potential
electrodes E+ and E−, respectively. The measured potential
difference ∆V ∈ C (V) is defined as

∆V :=
(

Ũ (1)
++−Ũ (1)

+−

)
−
(

Ũ (1)
−+−Ũ (1)

−−

)
, (8)

where Ũ (1)
++ and Ũ (1)

+− are the first order approximation of the
electrical potential from from (7) generated by a current source
electrode S+ and recorded by the high potential E+ and low
potential E− electrode, respectively; Ũ (1)

−+ and Ũ (1)
−− are the first

order approximation of the electrical potential generated by a
current source electrode S− and recorded by the high potential
E+ and low potential E− electrode, respectively. Substituting
(7) into (8) gives the measured potential difference

∆V =
I

2πγ1
(G+2KΓ) , (9)

where K := K++
Ω2
−K+−

Ω2
+ K−−

Ω2
−K−+

Ω2
, G := 1

R++
− 1

R+−
+

1
R−−
− 1

R−+
, and

Kmn
Ω2

:=− 1
2π

∫∫
∂Ω2

∂RQSm(rQ)

∂n
·n d(∂Ω2)

R2
QSn

(rQ)RQEm(rQ)

with m,n ∈ {+,−} are geometrical constants (m−1) deter-
mined by the position of the current and voltage electrodes
and the shape and position of domain Ω2, RQSn , RQEm are the
distances between Q and the electrodes Sn, Em, respectively;
Rmn is the distance between electrodes Sn and Em. Finally, the
apparent electrical impedance Z ∈ C (Ω) from (9) is

Z := R+ jX =
∆V
I

=
1

2πγ1
(G+2KΓ) , (10)

where R,X ∈ R are the apparent resistance and reactance,
respectively, and the phase is defined as P := tan−1 (X/R)
(rad).
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Fig. 3. Case study of a nonhomogenous model Λ− including tissue Ω1 and
spherical volume Ω2. The admittivity and boundary of Ω1 and Ω2 are γ1
and ∂Ω1 and γ2 and ∂Ω2, respectively. The domain Ω2 is centered at C and
has radius b. A source of electrical current S located at rS := (xS,yS,0) on
∂Ω1 generates electrical current within the model. The recording electrode
E with coordinates rE := (xE,yE,0) is located on ∂Ω1 where we want to
determine the electrical potential. The an arbitrary point Q with coordinates
rQ := (xQ,yQ,zQ) is located on ∂Ω2 and n is the outward normal vector at Q.
RSE is the distance between S and E; RSC is the distance between S and C; REC
is the distance between E and C; θC is the angle between the line segment
|SC| and |EC|. (B) Schematic illustrating a tetrapolar electrical impedance
measurement on ∂Ω1. The current source (+) and sink (−) electrodes are
S± and the high (+) and low (−) voltage measuring electrodes are E±
placed on ∂Ω1. (C) Tetrapolar electrical impedance measurement with linearly
aligned current source electrodes S± and measuring voltage E± electrodes.
The spherical center C satisfies |CS+| = |CS−|. The distance from C to line
segment |E+E−| is l. The distance between current and voltage electrodes is
A, whereas the distance between voltage electrodes is B.

D. Apparent electrical impedance sensitivity

To determine needle EIM sensitivity to changes in tissues’
electrical properties, we include a “small” change of admit-
tivity γ +∆γ in (10). Then, the apparent electrical impedance
sensitivity ∆Z/Z to changes in tissue admittivity |∆γ| � |γ|
with ∆γ := ∆σ + jω∆ε , can be approximated using the 1st-
order Taylor expansion as follows

∆Z1

Z
≈−∆γ1

γ1

(
1− 2ϖ

Z

)
and

∆Z2

Z
≈−∆γ2

γ2

2ϖ

Z
, (11)

where ϖ := Kγ2/
(
π(γ1 + γ2)

2
)

(Ω).

E. Case study 1: spherical volume

Here, we derive an analytical impedance expression for
the special case when Ω2 can be considered as a spherical
volume (see Figure 3A). According to Lemma 1 in the
Supplementary Information, the first order approximation of
the electrical potential distribution Ũ (1)(rE) recorded on ∂Ω1
can be expressed using (7), where now

KΩ2 =
1
b

∞

∑
n=0

2n
2n+1

(
b2

RSCREC

)n+1

Pn(cosθC), (12)

where θC is the angle between line segment ‖SC‖ and line
segment ‖EC‖, cosθC = (R2

SC +R2
EC−R2

SE)/(2RSCREC); b is
the radius of Ω2; RSC is the distance between S and C; REC
is the distance between E and C; RSE is the distance between
S and E; and Pn(x) is a Legendre polynomial of degree n.
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The electrical potential difference, apparent electrical
impedance measured and apparent impedance sensitivity can
be evaluated using (9), (10) and (11) in which now

K =
∞

∑
n=0

Gn, (13)

where

Gn :=
2nb2n+1

2n+1

·

(
Pn(cosθ++)

Rn+1
CS+Rn+1

CE+

− Pn(cosθ+−)

Rn+1
CS−Rn+1

CE+

+
Pn(cosθ−−)

Rn+1
CS−Rn+1

CE−

− Pn(cosθ−+)

Rn+1
CS+Rn+1

CE−

);

θmn is the angle between line segment |CSm| and |CEn| where
m,n ∈ {+,−}, RCS+ , RCS− , RCE+ , RCE− are the distances
between C and the electrodes S+, S−, E+, E−, respectively. If
the current source and voltage recording electrodes are linearly
aligned on ∂Ω1 and |CS+|= |CS−| (Figure 3C), then

G =
2B

A(A+B)
, (14)

and Gn in (13) is

Gn =
4nb2n+1

2n+1

(
4
L

)n+1(
Pn

(
4l2 + t

L

)
−Pn

(
4l2− t

L

))
,

with G0 = 0 and where L :=
√
(2A+B)2 +4l2

√
B2 +4l2, t :=

2AB+B2, the distance between current and voltage electrodes
is A whereas the distance between voltage electrodes is B; l is
the distance between the center of the sphere C and the center
of line segment |E+E−|.

F. Case study 2: two-layered tissue
Consider a two-layered tissue such as subcutaneous fat

tissue overlying skeletal muscle tissue, i.e., Ω2 : z > h1 has
a curvature ∂Ω2 that is 0 (Figure 4A), and h1 is the thickness
of tissue Ω1. According to Lemma 2 in the Supplementary
Information, the first order approximation of the electrical
potential distribution Ũ (1)(rE) on ∂Ω1 can be expressed using
(7), in which now

KΩ2 =
1√

R2
SE +4h2

1

, (15)

where RSE is the distance between S and E.
In this case, the recorded electrical potential difference, ap-

parent electrical impedance and apparent impedance sensitivity
in Figure 4B can be evaluated by (9), (10) and (11) in which

K =
1√

R2
S+E+

+4h2
1

− 1√
R2

S−E+
+4h2

1

+
1√

R2
S−E− +4h2

1

− 1√
R2

S+E− +4h2
1

,
(16)

where Rmn is the distance between m =∈ {S+,S−} and n =∈
{E+,E−}. When the four electrodes are linearly aligned (see
Figure 4C), the geometric constant simplifies to

K =
2√

A2 +4h2
1

− 2√
(A+B)2 +4h2

1

and G equals (14).
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Fig. 4. Case study of a nonhomogeneous model Λ− consistinvg of a two-
layered tissue. The admittivity and boundary of domains Ω1 and Ω2 are γ1 and
the parallel plane ∂Ω1 and γ2 and the parallel plane ∂Ω2, respectively. The
thickness of Ω1 is h1. A source S with coordinates rS := (xS,yS,0) on ∂Ω1
applies electrical current into the model. The electrode E with coordinates
rE := (xE,yE,0) is an arbitrary point on ∂Ω1 where we want to determine the
electrical potential. The position Q with coordinates rQ := (xQ,yQ,h1) is an
arbitrary point on ∂Ω2 and n is the outward normal vector at Q. RSE is the
distance between S and E. (B) Schematic illustrating a tetrapolar electrical
impedance measurement on ∂Ω1. The current source (+) and sink (−)
electrodes are S± and the high (+) and low (−) voltage measuring electrodes
are E± placed on ∂Ω1. (C) Tetrapolar electrical impedance measurement
with linearly aligned current source electrodes S± and measuring voltage E±
electrodes. The distance between current and voltage electrodes is A, whereas
the distance between voltage electrodes is B.

III. BIDOMAIN TISSUE MODEL IN FULL SPACE

A. Governing equation

We extend the previous framework in full space Λ∈R3. The
new model (denoted by the superscript ′) contains domains
Ω′1 and Ω2 where Λ := Ω′1∪Ω2 and Ω′1∩Ω2 = ∂Ω2. In this
full space model, we consider an electrical current source S′

located at arbitrary position rS′ := (xS′ ,yS′ ,zS′) in Ω′1. Since
Ω′1 has now no boundary conditions, the governing equation
of U ′(r) is (3) in which rS is replaced with rS′ .

B. Electric potential distribution

In full space, the image term in (5) disappears and the pth-
order electrical potential approximation Ũ ′(p)(r) is

Ũ ′(p)(r) := I
4πγ1|r−rS′ |

+Ũ ′(p)
Ω2

(r)

Ũ ′(0)(r) := I
4πγ1|r−rS′ |

Ũ ′(p)
Ω2

(r) := Γ2
2π

∫∫
∂Ω2

∂Ũ ′(p−1)(rQ)

∂n ·n d(∂Ω2)

|r−rQ| ,

(17)

where r ∈ Λ− rS′ and U ′ = limp→∞ Ũ ′(p).

C. Apparent electrical impedance

The electrical potential is recording via voltage measuring
electrode E ′ at rE′ := (xE′ ,yE′ ,zE′) in Ω′1. According to (17),
the first order approximated electrical potential recorded is

Ũ ′(1)(rE′) =
I

4πγ1

(
1

RS′E′
+K′Ω2

Γ

)
, (18)

where RS′E′ is the distance between electrodes S′ and E ′, K′
Ω2

maintains the same definition as KΩ2 in (7) replacing S, E with
S′, E ′.
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TABLE I
FINITE ELEMENT MODEL SIMULATION SETTINGS.

Parameters Half space Λ− Full space Λ

Symbol Unit
Spherical

volume
Two-layered

tissue
Spherical

volume
Two-layered

tissue
I mA 1 1 1 1

ω · (2π)−1 kHz 50 50 50 50
A mm 3 3 3 3
B mm 8 8 8 8
l mm [5,15] - [5,15] -
b mm [1,6] - [1,6] -

h1 mm - [2,22] - [2,22]
σ1 S m−1 σm σm σm σm
σ2 S m−1 [0.5, 1.5]σm [0.5, 1.5]σm [0.5, 1.5]σm [0.5, 1.5]σm
εr1 - εm εm εm εm
εr2 - [0.5, 1.5]εm [0.5, 1.5]εm [0.5, 1.5]εm [0.5, 1.5]εm

For impedance measurement, the source (+) and sink (−)
current electrodes are S′+ and S′− respectively; and the voltage
drop is measured between high (+) and low (−) potential
electrodes E ′+ and E ′−, respectively. From (8), (10) and (18),
the apparent electrical impedance is

Z′ =
1

4πγ1

(
G′+K′Γ

)
, (19)

where K′ maintains the same definition as K in (9) replacing
S, E with S′, E ′; G′ := 1

R′++
− 1

R′+−
+ 1

R′−−
− 1

R′−+
; R′mn is the

distance between electrode S′m and E ′n with m,n =∈ {+,−}.

D. Apparent electrical impedance sensitivity

Following the same rationale as in Section II-D, the
impedance sensitivity expressions to changes in admittivity in
Ω′1 and Ω2 are, respectively,

∆Z′1
Z′
≈−∆γ1

γ1

(
1− ϖ ′

2Z′

)
and

∆Z′2
Z′
≈−∆γ2

γ2

ϖ ′

2Z′
. (20)

where ϖ ′ maintains the same definition as ϖ in (11) replacing
K with K′.

IV. MATERIALS AND METHODS

A. Finite element model electrostatic simulations

For our isotropic finite element model (FEM) simulations
(Comsol Multiphysics, Comsol, Inc., Burlington, MA, USA),
we calculated the geometric mean muscle conductivity σm =
0.47 S m−1 and relative permittivity εm = 6.7 × 103 (di-
mensionless) from the longitudinal and transverse anisotropic
muscle conductivity and relative permittivity values at 50
kHz available in [15]. The model parameters σ2, εr2, l, h1
and b are simulation variables. For the spherical volume
simulations, the domains Ω1 and Ω′1 are modeled as cuboids
with dimensions width × length × height 140× 140× 100
mm and 140×140×200 mm, respectively. For the two-layered
tissue simulations, Ω2 is modeled as a cuboid with dimensions
140×140× (100−h1) mm, whereas Ω1 and Ω′1 have dimen-
sions 140× 140× h1 mm and 140× 140× (100 + h1) mm,
respectively. Adaptive mesh is utilized where the minimum
mesh element size is 10−4 mm, the maximum element growth
rate is 1.2 and the curvature factor is 0.2. The total elements for
the spherical volume model in half and full space are 351,675
are 667,763 respectively; and for the two-layered model these
are 307,041 and 640,121 in half and full space, respectively.
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Fig. 5. Comparison of the electrical resistance, reactance and phase results
between theory (solid line) and finite element model (FEM, dotted line).
Spherical intrusion in half (A) and full (B) space changing the sphere radius
b = [1,6] mm and constant depth l = 7 mm. Spherical intrusion in half (C)
and full (D) space changing the depth l = [5,15] mm and constant radius
b = 4 mm. Two-layered model in half (E) and full (F) space with thickness
h1 = [4,22] mm. Simulation setting parameters are σ2 = 0.9σm, εr2 = 0.9εm.

B. Numerical electrical impedance

The impedance is computed in MATLAB (The Math-
works, Natick, MA, USA) using (10) and (19). To evaluate
the accuracy of our theoretical predictions, we define the
conductivity and permittivity (relative) difference as δσ :=
(σ2 − σ1)/σ1 and δε := (ε2 − ε1)/ε1, respectively. Finally,
the resistance, reactance and phase error between the the-
oretical and FEM simulated impedance are calculated as
eR := (RTheory − RFEM)/RFEM, eX := (XTheory − XFEM)/XFEM
and eP := (PTheory−PFEM)/PFEM, respectively.

V. SIMULATION RESULTS

Figure 5 compares the impedance obtained with our theo-
retical framework and that obtained via FEM simulations. For
the spherical simulations, data similarity increases when the
dimension (Figure 5 A and B) and depth (Figure 5 C and D)
of the spherical volume decreases and increases, respectively.
The similarity for the two-layered tissue model is in good
agreement varying the tissue thickness (Figure 5 E and F).
Of note, both theory and FEM results reflects that the phase
of impedance is not sensitive to geometric changes. This was
expected as the phase it is calculated as the ratio between
reactance and resistance and thus these effects are canceled.

Figure 6 plots the accuracy of the first order apparent
impedance predictions compared to FEM simulation varying
the conductivity and relative permittivity properties of the
tissues from -50% to 50% while keeping the rest of simulation
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Fig. 6. Relative resistance, reactance and phase error plots as function of the
admittivity differences in the spherical volume model in half (A, B, C) and
full (D, E, F) space, and the two-layered tissue model in half (G, H, I) and
full (J, K, L) space. Simulation setting parameters: l=6 mm, b=4 mm and
h1=6 mm.

parameters constant. The relative errors for the resistance,
reactance and phase in the spherical volume model are ≤0.2%,
≤1.2% and ≤1.0%. For the two-layered tissue model, the
relative errors are ≤2%. Overall, the two-layered cases have
larger errors than corresponding spherical cases, the reactance
errors have the largest errors comparing with resistance and
phase errors, while the half space model has larger errors than
corresponding full space model.

VI. DISCUSSION

This paper describes a physics-driven framework to model
needle EIM measurements considering a nonhomogeneous
and isotropic half- and full-space bidomain tissue model. In
addition, we performed an impedance sensitivity analysis to
determine the sensitivity of needle EIM to changes occurring
in the electrical properties within the model. Practically, this
knowledge can be useful to inform the design and placement
of electrodes for “sensitive” needle EIM measurements of
muscle. We also provided compact and simple analytical ex-
pressions for two particular case studies. Finally, we confirmed
the usefulness of our theoretical framework performing a head-
to-head numerical and FEM comparison.

Our results shows reactance gave similar relative errors
as the phase but larger than the resistance (Figure 6). One

possible explanation is because reactance and phase absolute
values are much smaller than their resistance counterpart and
therefore the discrepancies are magnified when calculating the
relative errors. Subsequently, relative errors tend to increase
when absolute differences and values are small as it is the case
for the reactance. Still, overall the relative errors between the
framework and FEM simulations are in good agreement with
maximum relative errors that are ≤2%.

This work extends our initial (pre-)clinical studies applying
needle EIM [3], [8], [9] by developing a framework capable of
modeling the impact of muscle inhomogeneities. Our ongoing
efforts are focused on establishing the background and the
development of needle EIM to ensure future evaluation of this
technology in the clinical practice. We foresee the value of
measuring EIM and EMG directly in the muscle using needles
helping to expand our understanding of the relationships
between the impedimetric and electromyographic properties of
muscle in health and disease. For example, we anticipate that
motor unit potential (MUP) alterations that occur in chronic
neurogenic disease (such as increased duration and amplitude
of the MUPs) will be associated with needle EIM features
of reinnervation/type grouping, including increasing change
in resistance and reactance values.

This study has limitations. First, we restricted ourselves to
study a bidomain model, in which the admittivity properties
are considered to be isotropic. Further work is necessary to
extend our results to a more general multi-domain model
with anisotropic electrical properties. In the half-space case,
the source and electrodes are assumed to be positioned on a
planar surface. In practice, the electrodes might be placed on a
more complex surface, for example, affected by the curvature
of a limb [24]. In the full-space case, electrodes can only
be placed in one domain: our framework can not describe
the case with current and voltages electrodes are placed in
domains with different admittivity property or even placed on
the boundary between tissues. In addition to this, in a bidomain
model, there is only one heterogeneity possible, where the two
domains that form the model form a “series”-like equivalent
electrical circuit –in other words, the current has to flow
through one domain before flowing into the second domain–.
Further research is warranted to extend our work and develop
a multi-domain, anisotropic framework for modeling EIM
readings considering different types tissue inhomogeneities.
Future work will include experimental validation performing
needle EIM measurements on phantom media with known
electrical properties and measuring patients using ultrasound
as a reference.

VII. CONCLUSIONS

This study proposes a novel framework to model EIM
readings in nonhomogeneous muscle considering a bidomain
model. The validity of our methodology has been tested
against FEM simulations. We believe this knowledge may lead
to new ways for interpreting EIM in diseased muscle causing
changes in muscle composition, a common feature in many
neuromuscular disorders, therefore, having a direct impact on
its clinical application.
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1 Lemma 1.
If ∂Ω2 is a spherical surface centered at C with radius b in R3, Q is an arbitrary point
on ∂Ω2, n is the outward normal vector at Q, S and E are arbitrary points outside the
sphere as shown in Figure A1, then

− 1
2π

∫∫
∂Ω2

∂RSQ(rQ)

∂n
·n d(∂Ω2)

R2
SQ(rQ)REQ(rQ)

=
1
b

∞

∑
n=0

2n
2n+1

(
b2

RECRSC

)n+1

Pn(cosθC).

(A1)

Proof. To calculate the surface integrals in (A1) we build an auxiliary model of charged
spherical shell in vacuum that allows us to find the solution indirectly. Let’s start estab-
lishing a spherical coordinates in R3 originated at the center C of the spherical surface
∂Ω2 (see Figure A1). The position r := (r,θ ,ϕ) is an arbitrary defined in spherical
coordinates. For convenience, we consider S with coordinates rS := (RSC,0,0) on the
z-axis, while E is defined with coordinates rE := (REC,θC,0), while Q with coordinates
rQ := (b,θQ,ϕQ) is an arbitrary point on ∂Ω2. RSC is the distance between S and C;
REC is the distance between E and C; RSQ is the distance between S and Q; REQ is the
distance between E and Q; θC is the angle between line segment |SC| and |EC|; θQ is
the angle between line segment |QC| and |SC|. Next, we introduce a charge density
function q(rQ) ∈ R (C m−2) on the spherical surface ∂Ω2, defined as

q(rQ) :=
∂RSQ(rQ)

∂n
·n 1

R2
SQ(rQ)

.

Then the potential distribution U(r) caused by q can be expressed as

U(r) =
1

4πε0

∫∫
∂Ω2

∂RSQ(rQ)

∂n
·n 1

R2
SQ(rQ)

d(∂Ω2)

|r− rQ|
. (A2)

According to the axial symmetry, U has no dependence on the azimuthal angle ϕ .
Then applying separation of variables to Poission’s equation, the general solution for
potential distribution U(r) in spherical coordinates satisfies that

U(r) =
∞

∑
n=0

(
Anrn +

Bn

rn+1

)
Pn(cosθ), (A3)

where An and Bn are a series of constants and Pn(x) are Legendre polynomials.
In this model, an auxiliary point E ′ with coordinates rE := (REC,0,0) is introduced

to solve the surface integral (A2) indirectly, which satisfy |E ′C| = |EC| and E ′ is on
z-axis. From (A3), the potential at E ′ can be written as

U (rE′) =
∞

∑
n=0

(
AnRn

EC +
Bn

Rn+1
EC

)
. (A4)

1



q

E

b

Q

qQ

jQ

S

qC

E ′

3

¶W2

x

y

z

C

Figure A1: Auxiliary model of charged spherical shell in vacuum. A nonuniform
charged spherical shell ∂Ω2 is centered at the origin of spherical coordinates (r,θ ,ϕ)
in infinity vacuum R3with b the radius of ∂Ω2. The position Q has coordinates rQ :=
(b,θQ,ϕQ) on ∂Ω2. The charge density q(rQ) is distributed on surface ∂Ω2. The
position S, E and E ′ have coordinates rS := (RSC,0,0), rE := (REC,θC,0) and rE′ :=
(REC,0,0) outside the sphere, which satisfy |EC|= |E ′C| and S, E ′ are on z-axis. The
angle θC is defined between line segment |SC| and |EC|; θQ is the angle between line
segment |SC| and |QC|.

From (A2), V (rE′) can also be expressed as

U (rE′) =
1

4πε0

∫
π

−π

∫
π

0

∂RSQ(rQ)

∂b
b2 sinθQdθQdϕQ

R2
SQ(rQ)RQE′(rQ)

, (A5)

where
RSQ(rQ) =

√
R2

SC +b2−2bRSC cosθQ

and
RQE′(rQ) =

√
R2

EC +b2−2bREC cosθQ.

Equation (A5) can be further simplified as

U (rE′) =
1

4ε0

[
2b

b2−RECRSC
+

1√
RECRSC

ln
(√

RECRSC +b√
RECRSC−b

)]
. (A6)

From the geometry of the model, we have that b√
RECRSC

< 1. According to Taylor series
we have 

ln
(√

RECRSC+b√
RECRSC−b

)
= ∑

∞
n=1

1
n

bn

R
n
2
ECR

n
2
SC

+∑
∞
n=1

(−1)n+1

n
bn

R
n
2
ECR

n
2
SC

2b
b2−RECRSC

=− 2b
RECRSC

∑
∞
n=0

b2n

Rn
ECRn

SC

(A7)
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Substituting (A7) into (A6) gives

U (rE′) =−
1

bε0

∞

∑
n=0

n
2n+1

(
b2

RECRSC

)n+1

. (A8)

Comparing (A8) and (A4), we have{
An = 0
Bn =− 1

ε0
nb2n+1

(2n+1)Rn+1
SC

.
(A9)

Substituting (A9) to (A3) gives

U(r) =− 1
ε0

∞

∑
n=0

nb2n+1

(2n+1)Rn+1
SC

1
rn+1 Pn(cosθ). (A10)

Then the potential at E is

U(rE) =−
1

bε0

∞

∑
n=0

n
2n+1

(
b2

RECRSC

)n+1

Pn(cosθC). (A11)

According to (A2), U(rE) can also be written as

U(rE) =
1

4πε0

∫∫
∂Ω2

∂RSQ(rQ)

∂n
·n d(∂Ω2)

R2
SQ(rQ)REQ(rQ)

. (A12)

One can find (A1) equating the right hand sides of (A11) and (A12).

2 Lemma 2.
If ∂Ω2 is an infinity plane in R3, Q is an arbitrary point on ∂Ω2 and S, E are arbitrary
points share the same distance h1 to plane ∂Ω2 as shown in Figure B1, then

− 1
2π

∫∫
∂Ω2

∂RSQ(rQ)

∂n
·n d(∂Ω2)

R2
SQ(rQ)REQ(rQ)

=
1√

R2
SE +4h2

1

. (B1)

Proof. We follow a similar procedure as we did in Lemma 1. First, we establish a
Cartesian coordinates (x,y,z) in R3 with origin S at rS := (0,0,0). We then place E at
rE := (0,RSE,0) on the y-axis and ∂Ω2 as the normal plane of z-axis. The position Q
is defined with coordinates rQ := (x,y,−h1) on the plane ∂Ω2 : z = −h1. RSE is the
distance between S and E. Next, we introducing the same charge density distribution
function q(rQ) on the plane ∂Ω2 as in Lemma.1. According to (A2), U (rE′) can be
expressed as

U (rE′) =
1

4πε0

∫
∞

−∞

∫
∞

−∞

−∂RSQ(rQ)

∂h1

dxdy
R2

SQ(rQ)RQE′(rQ)
, (B2)
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Figure B1: Auxiliary model of charged plane ∂Ω2 : z=−h1 in vacuum. The position Q
has coordinates rQ := (x,y,−h1) is an arbitrary point on the plane. The charge density
q(rQ) is distributed on ∂Ω2. Positions S, E and E ′ have coordinates rS := (0,0,0),
rE := (0,RSE,0) and rE′ := (0,0,RSE) in the vacuum, which satisfy the line segments
|ES|= |E ′S|.

where
RSQ(rQ) =

√
x2 + y2 +h2

1

and
RQE′(rQ) =

√
x2 + y2 +(RSE +h1)

2.

Then, (B2) can be simplified as

U (rE′) =−
1

2ε0

1
2h1 +RSE

. (B3)

Equation (B3) can be rewritten using Taylor series as

U (rE′) =

−
1

2ε0
∑

∞
n=0

(−1)n2nhn
1

Rn+1
SE

if 2h1 < RSE

− 1
2ε0

∑
∞
n=0

(−1)nRn
SE

2n+1hn+1
1

if 2h1 > RSE.
(B4)

Comparing (B4) with (A3) we haveAn = 0, Bn =− 1
2ε0

(−1)n2nhn
1 if 2h1 < RSE

An =− 1
2ε0

(−1)n

2n+1hn+1
1

, Bn = 0 if 2h1 > RSE.
(B5)

The position rE can also be re-written as (RSE,π/2,0) in spherical coordinates. Sub-
stituting (B5) into (A3) then gives

U (rE) =

−
1

2ε0
∑

∞
n=0

(−1)n2nhn
1

Rn+1
SE

Pn(0) if 2h1 < RSE

− 1
2ε0

∑
∞
n=0

(−1)nRn
SE

2n+1hn+1
1

Pn(0) if 2h1 > RSE.
(B6)
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Since the Legendre polynomials can be expressed in differential form, namely

Pn(x) =
1

2nn!
dn

dxn

[(
x2−1

)n
]
,

we have that

Pn(0) =

{
(−1)m

22m
(2m)!
(m!)2 for n = 2m

0 for n = 2m+1.
(B7)

From Taylor series we have

1√
1+ x

=
∞

∑
m=0

(−1)m

22m
(2m)!
(m!)2 xm (B8)

when |x|< 1. Substituting (B7) and (B8) into (B6) gives

U (rE) =−
1

2ε0

√
R2

SE +4h2
1

. (B9)

One can find (B1) equating the right hand sides of (B9) with (A12).
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